Axion cyclotron emissivity of magnetized white dwarfs and neutron stars by Kachelriess, M et al.
Axion cyclotron emissivity of magnetized white dwarfs and neutron stars
M. Kachelrie, C. Wilke, and G. Wunner
Theoretische Physik I, Ruhr-Universita¨t Bochum, D{44780 Bochum, Germany
The energy loss rate of a magnetized electron gas emitting axions a due to the process e− ! e−+a
is derived for arbitrary magnetic eld strength B. Requiring that for a strongly magnetized neutron
star the axion luminosity is smaller than the neutrino luminosity we obtain the bound gae < 10
−10
for the axion electron coupling constant. This limit is considerably weaker than the bound derived
earlier by Borisov and Grishina using the same method. Applying a similar argument to magnetic
white dwarf stars results in the more stringent bound gae < 9  10
−13(T=107K)5=4(B=1010G)−2,
where T is the internal temperature of the white dwarf.
PACS numbers: 14.80.Mz, 95.30.Cq, 97.60.Jd, 97.20.Rp
I. INTRODUCTION
The axion a is a pseudoscalar boson introduced by Pec-
cei and Quinn (PQ) to solve the strong CP-problem in a
natural way [1]. It results as a massless Goldstone boson
from the spontaneous breaking of the PQ-symmetry by
the VEV of a scalar eld, hi = fPQ. As noted rst by
Weinberg and Wilczek [2], the chiral anomaly of QCD
induces, at low temperatures T < QCD  200 MeV,
a mass ma  2QCD=fPQ for the axion. The numerical







Besides the coupling to two photons through the chiral
anomaly, the axion interacts with fermions by derivative
couplings, which are all inversely proportional to the ax-
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depends on specic models through the eective PQ
charge ce. At tree level, the electron has ce = 1=3 cos in
the DSFZ axion model, while it has ce = 0 in the KSVZ
model [3].
In invisible axion models, the axion mass ma is in prin-
ciple arbitrary, but in fact severely constrained by astro-
physical and cosmological considerations [4,5]. The as-
trophysical bounds on ma arise because axion emission is
an additional energy loss mechanism for stars, and there-
fore changes the stellar evolution. Since the axion cou-
plings to matter are proportional to ma, axion emission
is suppressed for small values of ma. Therefore astro-
physics yields an upper bound for ma. In ref. [6], the
bound ma < 9 10
−3eV was derived for a DFSZ axion by
studying the evolution of red giant stars. On the other
hand, cosmology provides a lower bound for ma. Ax-
ions would have been produced in the early Universe as
coherent waves or by the decay of axion strings. There-
fore they could constitute cold dark matter. Requiring
that axions do not overclose the Universe yields the lower
bound 10−5eV < ma.
It is the purpose of the present work to examine the
emission of axions by electrons in the magnetic eld
B of a strongly magnetized neutron star. The process
considered, e− ! e− + a, is very similar to cyclotron
emission, e− ! e− + γ, and, therefore, may be called
axion cyclotron emission. This process was rst ex-
amined by Borisov and Grishina [7] using a semiclassi-
cal expression for the transition probability of the ele-
mentary process e− ! e− + a, valid a priori only in
the limit of low magnetic eld strengths, B  Bcr =
m2e=e  4:41  10
13 Gauss, and of ultrarelativistic elec-
trons, E  me. By comparing the axion cyclotron emis-
sion with neutrino cyclotron emission e− ! e− +  + ,
they concluded that the axion electron coupling constant
is bounded from above by gae < 5  10
−14. If this re-
sult, corresponding to ma < 6  10
−4eV for ce = 1,
could be conrmed or improved, the window in the ax-
ion mass range would become very narrow, or even be
closed. Consequently, it is imperative to recalculate the
axion cyclotron emissivity and to extend the results ob-
tained in ref. [7] to arbitrary magnetic eld strengths and
electron energies. We derive the probability of the ele-
mentary process e− ! e− + a taking the magnetic eld
exactly into account, and then numerically evaluate an
expression for the axion emissivity which is exact in the
limit of a completely degenerate Fermi-Dirac gas. As the
main result of this work we obtain the axion cyclotron
luminosity of a degenerate star with arbitrary core mag-
netic eld strength B. Although we conrm the analyt-
ical approximations of ref. [7] in the limit B  Bcr and
E  me, the bound derived by us for the axion electron
coupling constant applying the energy-loss argument to
neutron stars is three order of magnitudes weaker. The
main reason for this is that all conventional neutrino
emission mechanisms such as the modied URCA pro-
cess, which we take into account, were neglected in ref.
[7]. Finally, we consider the energy loss of white dwarf
1
stars due to axion cyclotron emissivity. Requiring that
for a white dwarf star the axion luminosity is smaller
than the photon surface luminosity we obtain the bound
gae < 9  10
−13(T=107K)5=4 (B=1010G)−2.
II. ELEMENTARY PROCESS
We start by calculating the probability that an electron
with polarization  = 1 occupying an excited Landau
level N emits an axion a with momentum k = (!;~k) and
undergoes a transition to the Landau level N 0. (Quan-
tities describing the nal electron are primed; compare
also the similar calculations of e− ! e−+γ in ref. [9] for






d4x  0(x)γ5 (x)eikx ; (4)
follows directly from the Lagrangian (2) if we assume
that there exists only one Goldstone boson.
We choose the homogeneous magnetic eld in z direc-













Here, N ( = x+
py
eB
) are the normalized eigenfunctions
of the harmonic oscillator, and we have introduced the
abbreviations
1 = H (1 + ) +  (1− ) = 

1 (6)
2 =  (1 + ) +H (1− ) = 

2 (7)
K1 = Z (1 + ) − Γ (1− ) = M

1 (8)



















(E +E0)(E0 −me) (13)
E0 =
p
E2 − p2z =
p
m2e + 2NeB : (14)
The time integration and two of the momentum inte-
grations yield the usual conservation laws,
E = E0 + ! (15)
py = p
0
y + ky (16)
pz = p
0
z + kz ; (17)
while the x integration results, up to a phase factor, in
Laguerre functions I,







N 0 () (18)
for N > N 0. The argument of the I-functions is given
by  = (k sin )2=(2eB),  is the angle between ~B and
~k, and the Laguerre polynomials Ln
0
n (x) are dened as in
ref. [10]. Using Eq. (15) and (17) we obtain the energy
! of the axion as a function of 
!() =
n
E − pz cos  −

(E − pz cos )
2
−2(N −N 0)eB sin2 
1=2o
= sin2  ; (19)
where, as in the following, we have neglected the axion
mass ma.
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The decay width of an electron in the Landau level N

















where  denotes the (in general dierent) decay widths
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IN 0;N () (22)
and ae = g
2
ae=(4).
1We will see below that ma  ! < EF , where EF = O(me) is the Fermi energy of the degenerate electron gas.
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III. AXION EMISSIVITY
The luminosity La emitted by N electrons occupying










2 S ; (23)
where the summation index  indicates the set of quan-
tum numbers  = fN; ; py; pzg,
S = f(E) [1− f(E0)] (24)
and f(E) are Fermi-Dirac distributions functions
f(E) = [exp((E − )) + 1]−1 : (25)
For the electron density ne = N=(LxLyLz) and temper-


















Here the factor eB LxLy=(2) takes into account the py
degeneracy of the Landau states. For a nearly degener-
ate Fermi-Dirac gas, the pz integral in Eq. (26) can be




















where Nmax = int [(
2 −m2e)=(2eB)].
The axion cyclotron emissivity "a of electrons, i.e.
the rate of energy loss per volume due to the process























The numerical evaluation of the terms in Eq. (28) be-
comes cumbersome already for moderate N . Therefore
we take advantage of the degeneracy of the electron gas
inside a white dwarf or neutron star and employ an ap-
proximation commonly used in calculations of neutrino





and f(E)  (E−), f(E0)  (E0−), the integration










and the Fermi energy EF can be approximated by EF 
. Now the summation over the discrete Landau levels














e)=(2eB) is an in-
teger, the axion emissivity diverges because pz is zero or
because, more physically speaking, the density of initial
states is innite. This can be remedied by taking into
account the nite life time of excited Landau states (cf.
ref. [9]) but is unimportant for our purposes.
Although the two innite sums over N and N 0 have
been replaced by nite sums, for low magnetic eld
strengths or high densities it is still necessary to com-
pute Laguerre polynomials with high index. This can
be avoided in the semiclassical, ultrarelativistic case
(B=Bcr  1; E  me) by the use of a Bessel function
approximation for the I-functions [8],
































This asymptotic expansion is only valid for  & 0, i.e.
  =2 is a necessary condition for its applicability.
Therefore we evaluate dΓ for pz = 0 and then carry out






E cos  − pz












Here quantities evaluated in the rest frame of the initial
electron are denoted by the subscript 0. Inserting the ap-
proximation for S into Eq. (28) and using eq. (34){(36),
we obtain as nal result for the axion emissivity in the
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Finally we examine the classical limit p2z  m
2
e and
B  Bcr. Inserting the approximations E  me +
NeB=me, E
0  me+N 0eB=me+p0 2z =(2me), and !() 
(N − N 0)eB=me in jMj2, we see that jMj2 is of order
O(B). Moreover, since [e! − 1]−1  T=!, the axion
emissivity is proportional to B4T in this limit. If the
condition N2B=Bcr  1 is also valid, we can approxi-
mate the I-functions by









First, we will establish that Eq. (37) derived by us for
general B and ne has the correct semiclassical limit for
E  me and B  Bcr as given in ref. [7],
















Since for a relativistic degenerate Fermi gas and




be used [12], this approximation is applicable for ne 
m3e=(3
2)  5:84  1029cm−3. In Fig. 1, we com-
pare our numerically accurate results with the approx-
imate results for ~"a = "a=1eV as functions of B=Bcr
for ne = 10
32cm−3, and for temperatures T = 0:04me
and T = 0:1me, respectively. (We use the emissivity
scaled by 1eV = ae=(5:75  10−22) to obtain a quantity
independent of ma.) One recognizes that the exact re-
sults (crosses and diamonds) reproduce the correct semi-
classical B and T dependence (straight lines) already for
B=Bcr < 1. To demonstrate the saw-tooth-like behavior
caused by the root singularities in the number density
of the Landau states, an amplication of a small excerpt
of Fig. 1 is displayed in Fig. 2. Note that these singu-
larities are cancelled out on average in the semiclassical
approximation.
Fig. 3 shows the magnetic eld dependence of the
axion emissivity ~"a for ne = 8:4  1035cm−3 and T =
0:04me  2:4  108K. Assuming an ideal mixture of nu-
cleons and electrons in -equilibrium, this value of the
electron density ne corresponds to the nuclear density
0 = 2:8  1014g/cm3. It can be seen that the semiclas-
sical approximation produces reasonable results even for
B=Bcr  20, and not only for B=Bcr  1. A more
suitable criterion for the applicability of Eq. (39) is
Nmax  1, or, equivalently, for an ultrarelativistic de-
generate electron gas, E2F  2eB. Except for a fac-
tor of three, this criterion is the same as the condition
derived in ref. [12] for the validity of the semiclassical
treatment of a magnetized Fermi-Dirac gas. For rela-
tively low Nmax, the emissivity decreases exponentially
until for 2eB > 2 −m2e all electrons populate the Lan-
dau ground state (for T = 0) and the emissivity becomes
zero.
To obtain a bound for the coupling constant gae, we
now compare the axion luminosity with other processes
important for the cooling of neutron stars. A process spe-
cic to magnetized neutron stars is the cyclotron emission
of neutrino pairs by electrons, e− ! e−++. Kaminker
et al. [13] obtained










for the energy loss rate due to this process. The bound
gae < 5  10
−14 of ref. [7] was derived by requiring
"cla
<
 ";cyc under conditions appropriate for the outer
crust of a neutron star. Since only the total luminosity of
stars is observable, a more suitable { but weaker { crite-
rion is to demand that the axion luminosity La is smaller
than the total neutrino luminosity L. Other energy loss
processes contributing to L are neutrino bremsstrahlung
in the Coulomb eld of ions [14{16],











and the modied URCA process,
















The value Z2=A is in the range 1− 10 [17], and mn;m

p
are eective masses of the Landau theory. In the fol-





Recently, Pethick and Thorsson [18] recalculated the neu-
trino bremsstrahlung process. Instead of treating the
interaction of the electrons with the ions immersed in
a lattice in rst-order perturbation theory, they used
Bloch wave functions for the electrons and found that
bremsstrahlung is exponentially suppressed at low tem-
peratures, T < me.
As a model neutron star we choose a neutron star
with radius R = 10 km, constant density  equal to nu-
clear density 0 and temperature T = 0:04me. Since
the neutron star observations by ROSAT indicate that
the standard cooling scenario without exotic matter de-
scribes the cooling curves [19], we assume the absence of
a pion condensate. Young pulsars have magnetic dipole
elds 1012G < Bdipole
<
 3  10
13G. Since the magnetic
eld strength inside the neutron star is generally assumed
to be stronger than Bdipole (cf. e.g. [20]), we choose
B = O(1− 10Bcr).
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First we consider the case where the core of the neutron
star is not superfluid. Then the total neutrino luminosity
is L = 4=3 R3("ion + "URCA)  1:3 − 8:9  1035erg=s.
Here the rst number takes into account the exponen-
tially suppression found in ref. [18] by a factor  0:02 for
"ion, while the second number uses "ion given by eq. (41).
The luminosity due to cyclotron emission of  pairs (eq.
(40)) could be neglected in both cases. For T = 0:04me,
we read o the axion emissivity ~"a  1017erg cm−3s−1
from Fig. 3, and obtain for the axion luminosity La =
4  1035 1eV erg=s. Requiring La < L , we arrive at the
bound gae < 5  10
−11 − 1  10−10.
Next we comment on the case that in the core of the
neutron star superfluid protons form a type II supercon-
ductor [21]. Then the initially homogenous magnetic eld
B becomes conned to quantized flux tubes (Abrikosov
fluxoids). Each fluxoid carries an elementary magnetic









where  is the penetration depth of the magnetic eld
and K0 is a modied Bessel function. The above for-
mula for B(r) is valid if the proton-proton correlation
length is much smaller than the distance r from the flux-
oid axis. The fluxoids are separated by the mean dis-
tance dF = [20=(
p
3 B)]1=2. We can approximate the
mean axion emissivity h"ai by the average over the lat-
tice of fluxoids with a quasi-homogenous magnetic eld






dr r"a(r) ; (44)
if the coherent interaction length lint is much smaller than
the characteristic length scale  on which the magnetic
eld varies. Typical values for  are   30 fm  0:1m−1e ,
while lint is given by the uncertainty principle, lint;x;y >
1=
p
eB and by lint;z > 1=pz. Thus lint has the same order
of magnitude as  and the quasi-uniform approximation
is not well justied. Therefore the approximation (44)
should be seen only as a crude estimate. For initial mag-
netic eld strengths B = Bcr and B = 10Bcr we obtain
h"ai  31015erg cm−3s−1 and h"ai  31016erg cm−3s−1,
respectively. This means that axion cyclotron emissivity
is only weakly suppressed by the superfluidity of pro-
tons, while the neutrino emissivities (41) and (42) are
suppressed by a factor of exp(−2n), where n is the
energy gap at T = 0. On the other hand, new energy
loss mechanisms such as neutrino emission by scatter-
ing of electrons on fluxoids could become important [22].
Because of the uncertainties in both the axion and the
neutrino emissivities, we do not consider it appropriate
to try to derive a rigorous bound for gae in the superfluid
case.
B. White dwarfs
We now apply the same line of arguments to magnetic
white dwarfs. The internal temperature T of a white
dwarf with mass M is related to its surface photon lumi-
nosity Lγ by [5,23]
Lγ
M








About 5% of white dwarfs have surface magnetic elds
in the range 106− 109G. Although the internal magnetic
elds strengths are assumed to be in the range 108−1010
G, they could approach even 1012 G [15].
The mean density of a white dwarf depends on its
total mass and chemical composition but nevertheless
a typical mean density is 106g/cm3 corresponding to
ne  3  1029cm−3. Unfortunately, for this value of ne
none of the two approximations for the I-functions is
applicable. Therefore, we compute "a for densities low
enough such that the use of the approximation Eq. (38)
is possible. In Fig. 4, ~"a is shown for ne = 10
26cm−3 and
the temperatures T = 106K, T = 107K and T = 108K,












The agreement with the assumed B4T behavior is good.
We want to give a simple argument in order to decide
if eq. (46) over- or underestimates the true emissivity
because of the use of the low density ne = 10
26cm−3:
The ultrarelativistic approximation eq. (39) yields, for
the values B = 109G, T = 107K and ne = 3  1029cm−3,
a much higher emissivity than ~"ta . Therefore the non-
relativistic approximation eq. (46) can be used as a lower
bound for the true emissivity, if one assumes a smooth
transition between the non-relativistic and the ultrarela-
tivistic asymptotic behavior.
We now require that magnetized white dwarfs do not
emit more energy in axions than in photons, i.e. that
Lγ=M < "a=, and obtain










Since this bound is quite sensitive to B and the knowl-
edge of the internal magnetic eld strengths of white
dwarfs is poor, it is hard to derive a precise bound for
gae. However, since "a / T , compared to Lγ / T 7=2, ax-
ion emission becomes more and more important during
the cooling history of magnetized white dwarfs. There-
fore the fraction of magnetized white dwarfs among all
white dwarfs should diminish drastically for low enough
luminosities. In Table I, we compare the fraction of
strongly magnetized white dwarfs with the fraction of all
white dwarfs in three dierent temperature bins [5,24].
The distribution of hot strongly magnetized white dwarfs
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adapted from Ref. [24] spans approximately three order
of magnitudes in surface dipole eld strength, Bdipole =
3 106−109 G, and has a maximum at Bdipole  3 107 G.
It consists of only 18 stars, so some caution in interpret-
ing the data is appropriate. Nevertheless, the fraction
of magnetized white dwarfs in the last temperature bin
is considerably diminished compared to the total white
dwarf population. One possible explanation for this could
be the additional energy loss of magnetized white dwarfs
due to axion cyclotron emission.
V. SUMMARY
We have derived the axion emissivity of a magnetized
electron gas due to the process e− ! e−+a for arbitrary
magnetic eld strengths B. Comparing the exact emis-
sivity with the semiclassical approximation obtained ear-
lier, we have shown that this approximation is not only
valid for B=Bcr  1, but also under the more general
condition E2F  2eB. Applying axion cyclotron emission
as an additional cooling mechanism to neutron stars and
requiring that the axion luminosity is smaller than the
neutrino luminosity we could constrain the axion electron
coupling constant to a value as small as gae < O(10
−10).
This bound is three orders of magnitude weaker than the
bound derived in ref. [7] considering the same process.
This discrepancy is not caused by dierences in the cal-
culation of the axion emissivity but by dierent assump-
tions about neutron star cooling. In the case of white
dwarfs we could derive the more stringent limit eq. (47).
We have noted that the lack of low-temperature magne-
tized white dwarfs could be interpreted as signature of an
additional energy loss due to axion cyclotron emission.
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TABLE I. Fraction of all white dwarfs (WDs) and of magnetized WDs in three temperature bins.
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FIG. 1. Axion emissivity ~"a due to e
− ! e− + a as a function of B=Bcr for ne = 10
32cm−3 and for T = 0:04me (bottom)
and T = 0:1me (top); lines: asymptotic formula, crosses (+) and diamonds (): exact results).
FIG. 2. Amplication of a small part of Fig. 1 showing the saw-tooth-like behavior of the exact axion emissivity (for
T = 0:04me).
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FIG. 3. Axion emissivity ~"a due to e
− ! e− + a as a function of B=Bcr for ne = 8:4  10
35cm−3 and T = 0:04me (dashed
line: asymptotic formula, diamonds: exact results).
FIG. 4. Axion emissivity ~"a due to e
− ! e−+a as function of B=Bcr for ne = 10
26cm−3 and T = 108K, T = 107K, T = 106K
(lines: t function Eq. (44), points: exact results).
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